The stochastic P-bifurcation behavior of a bistable Van der Pol system with fractional time-delay feedback under Gaussian white noise excitation is studied. Firstly, based on the minimal mean square error principle, the fractional derivative term is found to be equivalent to the linear combination of damping force and restoring force, and the original system is further simplified to an equivalent integer order system. Secondly, the stationary Probability Density Function (PDF) of system amplitude is obtained by stochastic averaging, and the critical parametric conditions for stochastic P-bifurcation of system amplitude are determined according to the singularity theory. Finally, the types of stationary PDF curves of system amplitude are qualitatively analyzed by choosing the corresponding parameters in each area divided by the transition set curves. The consistency between the analytical solutions and Monte Carlo simulation results verifies the theoretical analysis in this paper.
Introduction
Fractional calculus is a generalization of integer-order calculus, which has a history of more than 300 years. Integer-order derivatives cannot express the memory characteristics of viscoelastic substances, whereas fractional derivatives contain convolution, thus, they can express the memory effect and manifest a cumulative effect over time. Hence, fractional derivatives are suitable for describing memory characteristics [1] [2] [3] [4] and have become a powerful mathematical tool to study anomalous diffusion, non-Newtonian fluid mechanics, viscoelastic mechanics, and soft-matter physics. In comparison to integerorder calculus, fractional derivatives can describe various reaction processes more accurately [5] [6] [7] [8] [9] [10] [11] , thus, they are indispensable to studying the mechanical characteristics and fractional-order parametric influences on different systems.
In recent years, researchers have analyzed the dynamic behavior of nonlinear multistable systems under different noise excitations and achieved fruitful results. For the dynamic systems without time-delay, Wang et al. investigated the stochastic resonance in a FitzHugh-Nagumo model with an additive Lévy noise numerically; the numerical simu-lation results show the occurrence of the stochastic resonance phenomena in the given FHN system [12] . Xu et al. proposed a method to find an approximate theoretical solution to the mean first exit time of a one-dimensional bistable kinetic system subjected to additive Poisson white noise and derived the analytical solution to the mean first exit time by combining perturbation techniques with Laplace integral method [13] . Xu et al. discussed the constructive role of combined harmonic and random excitation on stochastic resonance (SR) in a Brusselator model; the simulation results showed that the intensity of the Gaussian colored noise and the amplitude of the periodic force can enhance SR [14] . Liu et al. investigated the active vibration suppression of a fractional two-degree-of-freedom viscoelastic airfoil model with a harmonic external force by means of the sliding mode control scheme, derived the amplitude-frequency relations by an extended averaging technique, and its correctness was verified by Monte Carlo simulations [15] . Li et al. developed a fractional-order predator-prey model by incorporating a constant prey refuge and feedback control and discussed the stability of equilibrium point by analyzing the characteristic equation of the system [16] . Zhu et al. designed a magnetic shape-memory alloy microgripper and studied its nonlinear dynamic characteristics under stochastic perturbation [17] . In addition, the authors investigated the dynamic behaviors of Van der Pol-Duffing oscillators under Lévy noise, color noise, and combined harmonic and random noise; moreover, the stochastic P-bifurcation behaviors of noise oscillators were discussed by analyzing the changes in the stationary probability density function of the systems [18] [19] [20] [21] [22] . Hao and Wu investigated the stochastic P-bifurcation of tri-stability in a generalized Duffing-Van der Pol oscillator system excited by additive Gaussian white noise, multiplicative colored noise, and combined additive and multiplicative Gaussian white noise; obtained the analytical expression for stationary PDF of amplitude; and analyzed the influences of noise intensity and system parameters on stochastic P-bifurcation of the system [23] [24] [25] . Chen et al. studied the response of a Duffing system with fractional damping under combined white noise and harmonic excitations and found that a small variation in the order of fractional derivative could induce stochastic P-bifurcation in the system [26] . Huang et al. discussed the response and the stationary PDF of a single-degree-offreedom strongly nonlinear system under Gaussian white noise excitation [27] . Li et al. investigated the stochastic P-bifurcation behavior of a bistable Van der Pol-Duffing system with fractional derivatives under additive and multiplicative colored noise excitations and found that small changes in linear damping coefficient, in the order of fractional derivative, and in noise intensity can each lead to stochastic P-bifurcation in the system [28] . Liu et al. investigated a Duffing oscillator system with fractional damping under combined harmonic and Poisson white noise parametric excitations and analyzed the asymptotic Lyapunov stability of the system based on the largest Lyapunov exponent [29] . Morales-Delgado et al. studied the fractional-order dynamics of the oxygen diffusion through capillary to tissues under the influence of external forces considering the fractional operators of Liouville-Caputo and Caputo-Fabrizio and applied the Laplace homotopy method for analytical and numerical results [30] . Hammouch et al. constructed new explicit solutions for a time-fractional nonlinear Calogero-Bogoyavlenskii-Schiff equation in (2+1) dimensions with conformable derivative and expressed the obtained solutions by different kinds of functions [31] . Saad et al. established an effective algorithm for the homotopy analysis method (HAM) to solve a cubic isothermal auto-catalytic chemical system and compared the HAM solutions with the solutions obtained by Mathematica in-built numerical solver [32] . Tariboon et al. defined new concepts of fractional quantum calculus by defining a new q-shifting operator and then discussed their basic properties [33] . Agarwal et al. introduced the solution of differential algebraic equations using two hybrid classes and their twin one-leg with the improved stability properties [34] . Saoudi et al. investigated the existence of solutions to the boundary value problem for the nonlinear fractional differential equations with Riemann-Liouville fractional derivative by employing the method of Nehari manifold combined with the fibering maps [35] . Agarwal et al. discussed solvability questions of a non-local problem with integral form transmitting conditions for diffusion-wave equation with the Caputo fractional derivative and proved the uniqueness of the solution of the formulated problem by using the energy integral method with some modifications [36] .
For the dynamics of time-delay systems, Leung et al. investigated the dynamic behavior of two Duffing-Van der Pol oscillators with fractional derivative damping and time delay, found periodic solutions based on the residue harmonic balance method, and then accurately calculated the limited cycle frequency and amplitude [37] . Zhou et al. studied the dynamic stability and the Hopf bifurcation of a paddy ecosystem, obtained the necessary stability conditions for the system by analyzing its characteristic equation [38] . Chen et al. studied the primary resonance response of a Van der Pol system under fractional-order delayed negative feedback and forced excitation, obtained the approximate analytical solution for the system based on the averaging method [39] . Leung et al. analyzed a Van der Pol-Duffing oscillator with fractional derivatives and time delays based on the residue harmonic method and examined its periodic bifurcations using the fractional order, time delay, and feedback gain as continuation parameters [40] . Chen et al. proposed a stochastic averaging technique to analyze the dynamic behavior of a randomly excited strongly nonlinear system with a delayed feedback fractional-order proportional-derivative controller and obtained the stationary probability density function of the system [41] . Mathiyalagan and Balachandran investigated the finite-time stochastic stability of fractional-order singular systems with white noise and time delay and developed the necessary conditions for finite-time stability based on Gronwall's approach and stochastic analysis [42] . Wen et al. studied the deterministic and autonomous Duffing systems with fractional time-delay coupled feedback and noticed that fractional time-delay coupled feedback played the roles both of velocity time-delay feedback and displacement time-delay feedback [43] . Liu et al. studied the Hopf bifurcation in a nonlinear electromechanical coupled system with timedelay feedback, obtained its characteristic root and stable domain, and finally, analyzed the relationship between feedback gain and stable domain [44] . Jiang et al. considered a classical Van der Pol oscillator with general time-delay feedback and found the Bogdanov-Takens bifurcation, triple-zero and Hopf-zero singularities in the system by analyzing the distribution of associated characteristic roots [45] . Liu et al. studied the Hopf bifurcation of a coupled relative-rotation system with time-delay feedback and obtained the periodic solutions of the system for both primary resonance and 1:1 internal resonance [46] .
Due to the complexity of fractional derivatives, analyzing them is difficult, and the parametric vibration characteristics can only be analyzed qualitatively, while the critical conditions of parametric influences cannot be found. These problems affect the design and analysis of such systems, in part because the stochastic P-bifurcation of bi-stability for fractional-order time-delay coupled system has not been reported. In the present research, the nonlinear vibration of a generalized Van der Pol oscillator excited by Gaussian white noise excitation was considered as the example. The transition set curves of the fractionalorder system and the critical parameters for stochastic P-bifurcation were determined by the singularity method. Furthermore, the nature of stationary PDF curves in each area of the parametric plane was analyzed. Finally, Monte Carlo simulation results were compared with analytical solutions obtained by stochastic averaging.
The derivation of equivalent system
The initial condition of the Riemann-Liouville derivative conveys no physical meaning, whereas the initial condition of the Caputo derivative describes a clear physical meaning and forms the initial conditions for integer-order differential equations. Therefore, the Caputo fractional derivative was used in the present paper:
where
is the gamma function. For a given physical system, because the initial moment of oscillators is t = 0, the Caputo derivative is often used as the following form:
where m -1 < p ≤ m, m ∈ N .
In this paper, we consider the generalized Van der Pol oscillator system with fractionalorder time-delay coupled feedback excited by Gaussian white noise excitation:
where ε represents the linear damping coefficient, α 1 , α 2 , and α 3 represent the nonlinear damping coefficients of the system, w is the natural frequency, and τ is the time-delay introduced in the system
where D k denotes the intensities of Gaussian white noises ξ k (t) respectively, δ(s) is the Dirac function, and s is the correlation time of Gaussian white noises ξ k (t).
The fractional derivative has the contributions of damping force and restoring force [44] [45] [46] [47] [48] [49] [50] , hence, we introduce the equivalent system as follows:
where C(p, τ ) and K(p, τ ) are the coefficients of equivalent damping force and equivalent restoring force of the fractional derivative C 0 D p [x(tτ )], respectively. Applying the equivalent methods described in the literature [29, [49] [50] [51] , the ultimate forms of C(p, τ ) and K(p, τ ) can be obtained as follows:
Therefore, the equivalent Van der Pol oscillator associated with system (5) can be represented as follows:
3 The stationary PDF of system amplitude
In the first example, the system described in Eq. (7) with ε = 0.2, α 1 = 1.51, α 2 = 2.85, α 3 = -1.693, w = 1, and τ = 0.5 was considered. For convenience in discussing parametric influence, the bifurcation diagram of the system amplitude with variation of the fractional order p is shown in Fig. 1 when D 1 = D 2 = 0. In Fig. 1 , the Hopf bifurcation and the Fold bifurcation values are marked by p H = 0.189 and p F = 0.245, respectively, there are two attractors (equilibrium and limit cycle), where 0.189 ≤ p ≤ 0.245, and the corresponding result is shown in Fig. 2 .
In the second example, the system with ε = -0.5, α 1 = 1.51, α 2 = 2.85, α 3 = -1.693, w = 1, and p = 0.5 was considered. The bifurcation diagram of the system amplitude with the variation in time-delay τ is displayed in Fig. 3 when D 1 = D 2 = 0.
In Fig. 3 , the Fold bifurcation and the Hopf bifurcation values are marked by τ F = 0.159 and τ H = 0.262, respectively. There are also two attractors (equilibrium and limit cycle), where 0.159 ≤ τ ≤ 0.262, and the corresponding result is illustrated in Fig. 4 . Assuming that the solution of system (7) has the periodic form, we introduce the following transformation [52] :
where w 0 is the natural frequency of equivalent system (7) , a(t) and θ (t) represent the amplitude and phase processes of system response respectively, they are both random processes.
Substituting Eq. (9) into Eq. (7), we can obtain in which
Equation (10) can be treated as the Stratonovich stochastic differential equation, and by adding the relevant Wong-Zakai correction term, it can be transformed into the Itô stochastic differential equation as follows:
where B k (t) are independent normalized Wiener processes and
By stochastic averaging [53] of averaging Eq. (12) over Φ, we can obtain the following averaged Itô equation:
where B 1 (t) and B 2 (t) are two unit Wiener processes that are independent of each other, and 
Equations (14) and (15) imply that da does not depend on θ , the averaged Itô equation of a(t) is independent of θ (t), and the random process a(t) is a one-dimensional diffusion process. Then the corresponding Fokker-Planck-Kolmogorov (FPK) equation of a(t) can be expressed as follows:
The boundary conditions are as follows:
Based on the boundary conditions (17), the stationary PDF of system amplitude can be described as
where C is the normalized constant that satisfies
Substituting Eq. (15) into Eq. (18), the explicit expression of stationary PDF of the system amplitude a can be obtained:
Stochastic P-bifurcation of system amplitude
Stochastic P-bifurcation means the changes in the number of peaks in the PDF curve.
To obtain the critical parametric conditions for stochastic P-bifurcation, we analyze the influence of parameters on the system by using singularity theory. For the sake of convenience,p(a) can be expressed as follows:
According to the singularity theory [54] , the stationary PDF of system amplitude needs to satisfy the conditions as follows:
Substituting Eq. (22) into Eq. (24), we can obtain the following condition [43, 50] :
where H is the condition for the changes in the number of peaks in the PDF curve. As the existence of multiplicative noise generally makes the superposition principle invalid, the multiplicative noise excitation is more complex than additive noise excitation in the analysis of system response. Therefore, the stochastic P-bifurcation under additive and multiplicative Gaussian white noises is discussed separately below.
Additive noise excitation case
Additive noise refers to that the system is only affected by the external excitation, in this case, D 1 = 0, D 2 = 0, and Eq. (23) can be expressed as follows:
Substituting Eq. (26) into Eq. (25), the critical parametric conditions for stochastic Pbifurcation of system amplitude can be obtained as follows: where amplitude a satisfies the following condition:
16ε -8α 1 a 2 + 6α 2 a 4 -5α 3 a 6 + 16w p-1 sin(pπ/2wτ ) = 0.
With parameters ε = 0.2, α 1 = 1.51, α 2 = 2.85, α 3 = -1.693, w = 1, and τ = 0.5, according to Eqs. (27) and (28), the transition set curves for stochastic P-bifurcation with the unfolding parameters p and D 1 are displayed in Fig. 5 . Figure 5 reveals the effects with the variations of parameters p and D 1 on the stochastic P-bifurcation of the system, and as can be seen from Fig. 5 , the intercepts of transition set curves at D 1 = 0 represent the Hopf bifurcation value p H = 0.189 and the Fold bifurcation value p F = 0.245, respectively, which are well consistent with the deterministic bifurcation diagram in Fig. 1 . Based on the singularity theory, the topological structures of the stationary PDF curves at different points (p, D 1 ) in the same area are qualitatively identical. By taking a point (p, D 1 ) in each area, we can obtain all varieties of the stationary PDF curves that are qualitatively different. The unfolding parametric plane p -D 1 is divided into two sub-areas by the transition set curve; for the sake of convenience, each area in Fig. 5 is marked with a number.
The stationary PDFp(a) and the joint PDFp(x,ẋ) are analyzed for a point (p, D 1 ) in each sub-area in Fig. 5 , and the analytical solutions are compared with Monte Carlo simulation results for original system (3) based on the numerical method for fractional derivative [43, 55] , and the corresponding results are displayed in Figs. 6 and 7 .
As can be seen from Fig. 5 , the parametric area where the PDF occurs bimodally is surrounded by an approximately triangular area. And when we take the parameter (p, D 1 ) in area 1, the PDFs forp(a) andp(x,ẋ) have a stable limit cycle as shown in Fig. 6(a) and Fig. 7(a) , the steady-state response of the system is mainly characterized by the large amplitude vibration; in area 2, the PDFs forp(a) andp(x,ẋ)still have a stable limit cycle, while the probability near the origin is not zero, there are both the limit cycle and equilibrium in the system simultaneously, which implies that there are two more probable motions in the response of the system, and the shape of the stationary PDF is qualitatively different from the case when the parameter (p, D 1 ) is taken in area 1, as shown in Fig. 6(b) and Fig. 7(b) .
With the parameters ε = -0.5, α 1 = 1.51, α 2 = 2.85, α 3 = -1.693, w = 1, and p = 0.5, according to Eqs. (27) and (28), the transition set curves for stochastic P-bifurcation with the unfolding parameters τ and D 1 are displayed in Fig. 8 . In order to discuss the effects with the variations of parameters τ and D 1 on the stochastic P-bifurcation of the system, the stationary PDFp(a) and the joint PDFp(x,ẋ) are analyzed for a point (τ , D 1 ) in each sub-area in Fig. 8 , then the analytical solutions are compared with the Monte Carlo simulation results for original system (3) using the numerical method for fractional derivative [43, 55] , and the corresponding results are displayed in Fig. 9 and Fig. 10 . As can be seen from Fig. 8 , the intercepts of transition set curves at D 1 = 0 represent the Fold bifurcation value τ F = 0.159 and the Hopf bifurcation value τ H = 0.262, respectively, which are well consistent with the deterministic bifurcation diagram in Fig. 3 . The parametric area where the PDF occurs bimodally is similar to the case in Fig. 5 and is also surrounded by an approximately triangular area. And when we take the parameter (τ , D 1 ) in area 1, the PDFs forp(a) andp(x,ẋ) have a distinct peak near the origin, the system has only a stable equilibrium at the moment, the steady-state response of the system is mainly characterized by the small amplitude vibration, as shown in Fig. 9(a) and Fig. 10(a) ; in area 2, the PDFs forp(a) andp(x,ẋ) have a stable limit cycle clearly, while the probability near the origin is not zero, showing that equilibrium coexists with the limit cycle in the system at this moment, which implies that there are two more probable motions in the response of the system and that stochastic jump may occur between the two more probable motions, and the shape of the stationary PDF has a qualitative change compared with the case in area 1, as shown in Fig. 9(b) and Fig. 10(b) .
Multiplicative noise excitation case
In the case of D 1 = 0 and D 2 = 0, Eq. (23) can be transformed into Substituting Eq. (29) into Eq. (25), the critical parametric condition for stochastic Pbifurcation of the system can be obtained as follows:
where amplitude a satisfies the following expression:
For more generalizations, we take values of ε, τ , and p, which are different from the values taken in the additive noise excitation case in this section, with the parameters ε = 0.5, α 1 = 1.51, α 2 = 2.85, α 3 = -1.693, w = 1, and τ = 1, according to Eqs. (30) and (31) , the transition set curves for stochastic P-bifurcation with the unfolding parameters p and D 2 are displayed in Fig. 11 .
As can be seen from Fig. 11 , the unfolding parametric plane p -D 2 is divided into three sub-areas by the transition set curves, which is different from the case under the additive noise excitation as shown in Fig. 5 ; for the sake of convenience, each area in Fig. 11 is marked with a number. In order to reveal the influences with the variations of parameters p and D 2 on the stochastic P-bifurcation of the system, the characteristics of the PDFs for p(a) andp(x,ẋ) are analyzed for a point (p, D 2 ) in each sub-area in Fig. 11 , then the analytical solutions are compared with the Monte Carlo simulation results for original system (3) based on the numerical method for fractional derivative [43, 55] , and the corresponding results are displayed in Fig. 12 and Fig. 13 .
It can be seen from Fig. 11 that the parametric area where the PDF curve occurs bimodally is surrounded by two lines. And when we take the parameter (p, D 2 ) as p = 0.3, D 2 = 0.6 in area 1, the PDFs forp(a) andp(x,ẋ) have a stable limit cycle at the moment, the steady-state response of the system is mainly characterized by the large amplitude vibration, as shown in the solid line in Fig. 12 and Fig. 13(a) ; when taking the parameter (p, D 2 ) as p = 0.4, D 2 = 1 in area 2, the PDFs forp(a) andp(x,ẋ)still have a stable limit cycle, while the probability near the origin is not zero, and the system has also a response whose amplitude is approximately zero, there are both the limit cycle and equilibrium in the system simultaneously, which implies that there are two more probable motions in the response of the system and that stochastic jump may occur between the two more probable motions, as shown in the dot line in Fig. 12 and Fig. 13(b) ; when taking the parameter (p, D 2 ) as p = 0.45, D 2 = 0.4 in area 3, the PDFs forp(a) andp(x,ẋ) appear in the form of the Dirac function, the steady-state response of the system is constant at 0, similar to the stable equilibrium in the deterministic system at this time, and the randomness of the system is suppressed, as shown in the dashed line in Fig. 12 and Fig. 13(c) .
With parameters ε = 0.2, α 1 = 1.51, α 2 = 2.85, α 3 = -1.693, w = 1, and p = 0.1, according to Eqs. (30) and (31) In order to reveal the influences with the variations of parameters τ and D 2 on the stochastic P-bifurcation of the system, we analyze the characteristics of PDFs forp(a) and p(x,ẋ) for a point (τ , D 2 ) in each sub-area in Fig. 14, then the analytical solutions are compared with the Monte Carlo simulation results for original system (3) based on the numerical method for fractional derivative [43, 55] , and the corresponding results are illustrated in Fig. 15 and Fig. 16 .
It can be seen from Fig. 14 that the parametric area where the PDF occurs bimodally is similar to the case in Fig. 11 , and is also surrounded by two lines, while in other two sub-areas, the topological structures of the PDF curves are different from those in Fig. 11 . When we take the parameter (τ , D 2 ) as τ = 0.1, D 2 = 0.5 in area 1, the PDFs forp(a) and p(x,ẋ) appear in the form of Dirac function; the steady-state response amplitude of the system is constant at 0, similar to the stable equilibrium in the deterministic system at this time, and the randomness of the system is suppressed, as shown in the dashed line in Fig. 15 and Fig. 16(a) . When taking the parameter (τ , D 2 ) as τ = 0.25, D 2 = 0.8 in area 2, the PDFs forp(a) andp(x,ẋ) have a stable limit cycle, and the probability near the origin is not zero, showing that equilibrium coexists with the limit cycle in the system at the moment, which implies that there are two more probable motions in the response of the system and that stochastic jump may occur between the two more probable motions, as shown in the dot line in Fig. 15 and Fig. 16(b) . When taking the parameter (τ , D 2 ) as τ = 0.4, D 2 = 0.5 in area 3, the PDFs forp(a) andp(x,ẋ) have a stable limit cycle clearly at this time, the steadystate response of the system is mainly characterized by the large amplitude vibration, as shown in the solid line in Fig. 15 and Fig. 16(c) .
It is evident that the stationary PDFp(a) and the joint PDFp(x,ẋ) in any two adjacent areas in Figs. 5, 8, 11, and 14 are very qualitatively different. Regardless of the exact values of the unfolding parameters, if they cross any line in these figures, the system will demonstrate stochastic P-bifurcation behavior. Therefore, the transition set curves are just the critical parametric conditions for stochastic P-bifurcation of the system. The analytic solutions shown in Figs. 6, 9, 12 , and 15 are well consistent with the Monte Carlo simulation results for original system (3), further verifying the theoretical analysis and showing that it is feasible to use the methods in this paper to analyze the stochastic P-bifurcation behavior of fractional-order systems with time-delay feedback.
In comparison to the integer-order controllers, the fractional-order controllers have better dynamic performances and robustness [41] . In recent years, multifarious fractionalorder controllers have been developed [56] [57] [58] [59] , and we obtained the areas where system (3) will undergo stochastic P-bifurcation through the above analysis, it can make the system switch between monostable and bistable states by selecting the corresponding unfolding parameters, which should provide the theoretical guidance for fractional-order controller design.
Conclusions
In this paper, we studied the bistable stochastic P-bifurcation of a generalized Van der Pol system with the fractional time-delay feedback under additive and multiplicative Gaussian white noise excitations respectively. According to the principle of minimal mean square error, the original system was transformed into an equivalent integer-order system, and the stationary PDF for system amplitude was obtained by stochastic averaging. In addition, the critical parametric conditions for stochastic P-bifurcation of the system were obtained based on the singularity theory; according to this, we can maintain the system response for small amplitude near equilibrium or monostability by selecting the corresponding unfolding parameters, which can provide the theoretical guidance for system design and avoid the damage of the system caused by nonlinear jump or large amplitude vibration. Furthermore, the consistency between Monte Carlo simulation results and analytical solutions can also verify the theoretical analysis. It can be concluded that the fractional order p, time-delay τ , and noise intensities D 1 and D 2 can each cause stochastic P-bifurcation, and the number of peaks in stationary PDF curves can be controlled from one to two by selecting the corresponding unfolding parameters.
